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based upon the method-of-lines finite element method is developed and analyzed;
numerical examples are presented in order to demonstrate the viability of the approach.
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1. Introduction
In the classical Black–Scholes option pricing model, one assumes that market participation does not affect asset prices;
the market is liquid, an assumption which may be violated in practice. Asset liquidity, a component of overall market risk,
describes a trader’s ability to sell an asset efficiently, that is, in a timely manner and without loss of value. Measures of asset
liquidity include market breadth and depth as well as immediacy (cf. [1]). Breadth describes differing valuations of an asset
by market participants and connotes a cost of transacting. Depth denotes the size of an order needed to move the market
a given amount and represents a price perturbation. Immediacy refers to the time needed to effect a trade at a prescribed
cost, thereby impacting the portfolio’s hedge.
As the salient feature of a frozen market is often an asset price spike, models of asset liquidity typically augment
the Black–Scholes dynamics via the introduction of an explicit exogenous event (cf. [2–4]). While the economy remains
complete, resolution of liquidity metrics remains ambiguous. More specialized attempts at understanding the effects of
liquidity have concentrated on themodeling ofmarket depth, relying onmappings of the Black–Scholes economy (cf. [5–8]).
Martingale and viscosity methods are then employed to compensate for market incompleteness, at the expense of model
regularity. We remark that the cited references are not exhaustive.
In this paper, we consider a comprehensive framework of asset liquidity.We incorporatemarket breadth as a transaction
cost related to the bid–ask spread,market depth as a price perturbation predicated upon the trading strategy, and immediacy
via transaction rates. Asset liquidity is then defined andmanifest as a component of the drift of the portfolio’s velocity. More
specifically, we determine the fair price of European-style derivative securities based on the value-maximizing exercise
strategy of Hodges and Neuberger [9] and Davis et al. [10] relative to a continuous-time model of a dynamically evolving
portfolio of assets. As a result, our model is a generalization of the more familiar Black–Scholes framework. Moreover, we
derive regularity sufficient to demonstrate a numerically consistent scheme in the form of a method-of-lines finite element
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implementation. Inclusion of discrete-time hedging as well as delays in the transmission of order execution reports may be
included following Marcozzi (cf. [11]).
The outline of this paper is as follows. In Section 2, we define the valuation problem including the model of the
economy and the corresponding Hamilton–Jacobi equation. In Section 3, a numerical approximation procedure for solving
the Hamilton–Jacobi equation is described. Numerical results are presented in order to demonstrate the viability of the
approach in Section 4.
2. The value problem
We consider in this section the definition of the valuation. In Section 2.1, we develop the model of the economy. In
Section 2.2, we characterize the indexed value function as the unique solution to the Hamilton–Jacobi equation. The value
function is defined in Section 2.3.
2.1. The model of the economy
We consider two financial assets in which the price per share of the bank account is denoted by B(t) and that of a stock
by S(t). A portfolio is a pair (b(t), s(t)) consisting of the number of shares of B(t) and S(t) held at time t , respectively. The
value of the portfolio or wealth W (t),
W (t) = b(t) B(t)+ s(t) S(t), (2.1)
is specified in terms of the assets and portfolio. Wemake the further distinction between shares which are bought and sold,
such that
b(t) = b+(t)− b−(t) and s(t) = s+(t)− s−(t),
where (b+(t), b−(t)) (resp. (s+(t), s−(t))) denote shares of bonds (resp. stocks) bought (‘‘+’’) and sold (‘‘+’’).
We effect the wealth process through the trading strategy (β¯(t), ς¯(t)),
β¯(t) = (β+(t), β−(t)) and ς¯ (t) = (ς+(t), ς−(t)),
denoting the respective rates at which shares in the portfolio are bought and sold. In particular, we relate the strategy to the
portfolio via the dynamics
db+
dt
(t) = β+(t), db−dt (t) = β−(t), (2.2a)
ds+
dt
(t) = ς+(t), ds−dt (t) = ς−(t), (2.2b)
such that 0 ≤ β±(t) ≤ γ and 0 ≤ ς±(t) ≤ γ , for some immediacy γ <∞. We remark that a larger γ would signify greater
asset liquidity.
Let ρ denote the bid–ask spread, given by
dρ(t) = λ ρ(t) dt + σ1 ρ(t) dw1(t)+ σ2 ρ(t) dw2(t) (2.3)
where λ, σ1, and σ2 are positive constants, and dw1(t) and dw2(t) are Wiener processes. We take the market breadth to be
B · ρ, that is, an affine mapping of the bid–ask spread scaled by the breadth constantB > 0. In particular, we note that the
smaller the value ofB, the greater the liquidity of the asset. The cost of a refinancing of the portfolio is then
β(t) B(t)+ ς(t) S(t) = − ς+(t)B ρ(t), (2.4)
where
β(t) = β+(t)− β−(t) and ς(t) = ς+(t)− ς−(t).
In terms of the economy, we have the following behavior. We suppose that perturbations to the price of the stock in a
market lacking depth are given incrementally by
1S(t)
S(t)
= D ·1s(t),
whereD > 0. Again, the smaller the depth constantD , the greater the asset liquidity. Hence, the dynamics of the asset in
a market with limited depth follows as
dS(t) = α S(t) dt + σ2 S(t) dw2(t)+ σ3 S(t) dw3(t)+DS(t) ds(t)
or from (2.2b),
dS(t) = [α +D ς(t)] S(t) dt + σ2 S(t) dw2(t)+ σ3 S(t) dw3(t), (2.5)
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where the rate of returnα andvolatilitiesσ1 andσ2 are positive, dw3(t) is aWiener process, and dw2(t)provides a correlation
between the trajectories of the stock price and the bid–ask spread. For the bank account, we suppose
dB(t) = rB(t) dt, (2.6)
where r > 0 represents the risk-free rate of return.
Finally, for the portfolio velocity dW , we obtain
dW (t) = rW (t)+ (α − r)s(t)−Lς¯ (ρ)(t) S(t) dt + σ2s(t)S(t) dw2(t)+ σ3s(t)S(t) dw3(t), (2.7)
where the asset liquidity is given by
Lς¯ (ρ) = B ς+ρ −D ς, (2.8)
which follows from (2.1)–(2.6). We note that in a perfectly liquid market, the portfolio is self-financing.
Remark. We have chosen these particular forms for the immediacy, breadth and depth in order to simplify the exposition;
greater generality is admissible.
2.2. The Hamilton–Jacobi equation
To be more precise, let (Ω,F , {F (t)}t≥0, P) be a complete filtered probability space with right-continuous filtration
{Ft}t≥0 such that F(0) contains all sets of P-measure 0 (cf. [12]). Let {w(t) | t ≥ 0} be F (t)-adapted standard Wiener
process onR3, and s±(t) and ς±(t)measurable functions adapted toF (t). We assume continuous trading over a finite time
interval [0,T ] such thatT > T , where T denotes the contract life of the security. Summarizing Section 2.1, the dynamics of
the economy are specified by the ultradiffusion process
ds+(t) = ς+(t; s¯) dt (2.9a)
ds−(t) = ς−(t; s¯) dt (2.9b)
dρ(t) = λ ρ(t) dt + σ1 ρ(t) dw1(t)+ σ2 ρ(t) dw2(t) (2.9c)
dS(t) = [α +D ς(t)] S(t) dt + σ2 S(t) dw2(t)+ σ3 S(t) dw3(t) (2.9d)
dW (t) = rW (t)+ (α − r)s(t)−Lς¯ (ρ)(t) S(t) dt + σ2s(t)S(t) dw2(t)+ σ3s(t)S(t) dw3(t), (2.9e)
for t ∈ (0,T ), such that s+(0) = s+, s−(0) = s−, ρ(0) = ρ, S(0) = S,W (0) = W , and s¯ = (s+, s−). Here, the initial
conditions s± are temporal, while ρ, S andW are variables of state. Note that we have a choice as to the initial composition
of the portfolio, and hence, s+ and s− are indices of the system; the trader’s efforts to rebalance the portfolio, in the form of
buying and selling shares ς±, constitute system control.
Let x¯ = (ρ, S,W ) and t¯ = (t, s+, s−); then along with the process (2.9), we consider the expected value of the
optimization criteria
Jx¯(T ; s¯) = Ex¯;s¯ [W (T )− ψ(S(T ))] (2.10a)
and the indexed value function
V (x¯, t¯) = max
ς¯ (t;s¯)∈ [0,γ ]2
Jx¯(T ; s¯), (2.10b)
such that ψ(S) is the payoff of the option. The s¯-indexed value function attempts to maximize the expected excess wealth,
predicated (indexed) upon the choice of the initial portfolio s¯.
In order to characterize the indexed value function (2.10), we introduce Ω = (0,∞)2 × R and the weighted Sobolev
spacesW d,p,µ(Ω) equipped with the norm
∥u∥d,p,µ =

k≤d

Ω
|Dku(x¯)|p · e−µ|x| dx¯
1/p
,
where Dαu ∈ Lp(Ω, e−µ|x| dx¯), for all multi-indices |α| ≤ d. Let Q = (0,T ) × (0,∞)2; then the space Lp(Q;W d,p,µ(Ω))
consists of the set of measurable functions h : Q→ W d,p,µ(Ω) such that 
Q
∥h(t¯ )∥pd,p,µ dt¯ <∞. Finally, we set
W2,1,p,µ(Ω ×Q) =

u | u ∈ Lp(Q;W 2,p,µ(Ω)) ∩ L2(Q;H1,ploc (Ω)),∇t¯ u ∈

L2(Q;W 0,p,µ(Ω)) ∩ L2(Q; Lploc(Ω))
3
,
where ∇t¯ = (∂t, ∂s+, ∂s−).
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For index p ≥ 2, µ ≥ 0 sufficiently large and payoff ψ ∈ W 2,p,µ(Ω), we seek to determine the indexed value function
V ∈ W2,1,p,µ(Ω ×Q), which is the unique solution of the ultraparabolic Hamilton–Jacobi equation
∂V
∂t
+A V +H ς¯∗(t¯) V = 0 a.e. inΩ ×Q, (2.11a)
for terminal condition
V |{t=T } = W − ψ(S) inΩ × ∂Q (2.11b)
and boundary data
V |∂Ω = W − ψ(S) in ∂Ω ×Q, (2.11c)
such that the optimal feedback control law ς¯∗(t; s¯) = (ς∗−(t; s¯), ς∗+(t; s¯)) satisfies
D ς∗S
∂V
∂S
−Lς¯ (ρ)(t) S ∂V
∂W
+ ς∗+(t; s¯)
∂V
∂s+
+ ς∗−(t; s¯)
∂V
∂s−
= max
ς±(t;s¯)∈ [0,γ ]

D ςS
∂V
∂S
−Lς¯ (ρ)(t) S ∂V
∂W
+ ς+(t; s¯) ∂V
∂s+
+ ς−(t; s¯) ∂V
∂s−

, (2.12)
where
A V = 1
2

(σ 21 + σ 22 )ρ2
∂2V
∂ρ2
+ σ 22 ρS
∂2V
∂ρ ∂S
+ sσ 22 ρS
∂2V
∂ρ ∂W
+ σ 22 ρS
∂2V
∂S ∂ρ
+ (σ 22 + σ 23 )S2
∂2V
∂S2
+ s(σ 22 + σ 23 )
∂2V
∂S∂W
+ sσ 22 ρS
∂2V
∂W ∂ρ
+ s(σ 22 + σ 23 )
∂2V
∂W∂S
+ s2(σ 22 + σ 23 )S2
∂2V
∂W 2

H ς¯ (t¯) = max
ς¯ (t;s¯)∈ [0,γ ]2

Lς¯ (t¯ ) V + ς+(t; s¯) ∂V
∂s+
+ ς−(t; s¯) ∂V
∂s−

and
Lς¯ (t¯ ) V = λ ρ ∂V
∂ρ
+ (α +Dς)S ∂V
∂S
+ rW + [(α − r)s(t)−Lς¯ (ρ)(t)]S ∂V
∂W
.
The result is a consequence of the constructive approximation of Section 3 (cf. also [13,14]).
Remark. Wemay represent (2.9) (resp., (2.11)) as a ϑ-parameterized diffusion (resp. parabolic equation) through a change
of temporal coordinates. To this end, let C : t(ϑ), s+(ϑ), s−(ϑ) be a characteristic of the temporal part of (2.9) (or the
hyperbolic part of (2.11)) such that
dt(ϑ)
dϑ
= 1, ds+(ϑ)
dϑ
= ς+(ϑ), ds−(ϑ)dϑ = ς−(ϑ),
where t(0) = t, s+(0) = s+, and s−(0) = s−. The ultradiffusion (2.9) is therefore equivalent to the ϑ-parameterized
diffusion
dρ(ϑ) = λ ρ(ϑ) dt + σ1 ρ(ϑ) dϖ1(ϑ)+ σ2 ρ(t) dϖ2(ϑ)
dS(ϑ) = [α +D ς(ϑ)] S(t) dϑ + σ2 S(ϑ) dϖ2(ϑ)+ σ3 S(ϑ) dϖ3(ϑ)
dW (ϑ) = rW (ϑ)+ (α − r)s(ϑ)−Lς¯ (ρ)(ϑ) S(ϑ) dϑ + σ2s(ϑ)S(ϑ) dϖ2(ϑ)+ σ3s(ϑ)S(ϑ) dϖ3(ϑ),
along C, indexed by (t, s+, s−), where dϖi (i = 1, 2, 3) is a component of a three-dimensional Wiener process.
2.3. System optimization
We consider now the dependence of the stochastic optimal control problem (2.9)–(2.10) on the initial portfolio
distribution s¯. To this end, letM(x¯, T ) ⊆ [0,∞)2 be a sufficiently regular manifold. For given x¯ ∈ Ω , a feasible trajectory
(e.g. portfolio) (s+(t), s−(t)) satisfies: s+(0) = s+ and s−(0) = s−, the deterministic Eqs. (2.9a) and (2.9b) such that ς¯∗(t; s¯)
is a solution of (2.12), and the terminal constraint (s+(T ), s−(T )) ∈ M(x¯, T ). We denote, relative to a given terminal set
M(x¯, T ), the set of all feasible initial portfolio distributions s¯ by F(x¯,T ). We are now in a position to define the valuation as
an extended real-valued function. To this end, let the performance index be given byU(ρ, S, t; s¯) = min{W | V (ρ, S,W , t, s¯) = 0}, (2.13a)
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whereV (ρ, S,W , t, s¯) = 0 specifiesW = W (ρ, S, t; s¯)by the Implicit Function Theorem. For anyportfolio, the performance
index represents theminimumwealth necessary tomeet the writer’s obligations. We then define the value of the derivative
security as the minimum wealth necessary to meet the writer’s obligations relative to all admissible portfolios, that is,
U(ρ, S, t) = min{U(ρ, S, t; s¯) | s¯ ∈ F(x¯,T )}, (2.13b)
where, by convention, U(ρ, S, t) = ∞ if F(x¯,T ) is empty.
With respect to (2.13), it remains only to specify the terminal setM(x¯, T ) applicable to a given payoff. To this end, we
define the portfolio distribution at expiry (S+(x¯), S−(x¯)). For example, relative to a call option, we might stipulate that the
option writer be fully invested in the market at expiry, in which case
S−(x¯) = 0
and
S+(x¯) =

1, if S > E
0, if S ≤ E,
where E is the exercise price of the option. We then suppose that the terminal set M(x¯, T ) has the form M(x¯, T ) =
{(S+(x¯), S−(x¯)) | x¯ ∈ Ω }.
3. Constructive approximation
Our objective is to obtain a constructive approximation of the indexed value function (2.10). We begin in Section 3.1 by
examining the effect of exhausting the state and temporal spaces through a series of bounded domains. In Section 3.2, we
develop the variational form of the Hamilton–Jacobi equation (2.11a) and consider a semi-discretization of the approximate
state space through the Galerkin finite elementmethod.We obtain a full discretization in Section 3.3 through the application
of a backward Euler finite difference scheme to the hyperbolic operator. Estimates are provided in Section 3.4 for quantifying
the approximation.
3.1. Approximation on exhausting domains
Towards obtaining a constructive approximation of V , we consider an exhausting sequence of bounded open domains
{Ωk} such that Ωk ⊂ Ωk+1 and ∪Ωk = Ω . Moreover, let Υk < ∞ be such that Υk → ∞ monotonically as k → ∞
and Qk := (0, T ) × (0,Υk)2; then Qk ⊂ Qk+1 and ∪Qk = Q. For p ≥ 2, and k ∈ N sufficiently large, we seek
V k ∈ W2,1,p,0(Ωk ×Qk) satisfying
∂V k
∂t
+A(t¯ ) V k +H ς¯∗(t¯) V k = 0 a.e. inΩk ×Qk, (3.1a)
subject to the terminal conditions
V k|{s−=Υk} = V k|{s+=Υk} = V k|{t=T } = W − ψ(S) inΩk × ∂Qk, (3.1b)
boundary data
V k = W − ψ(S) in ∂ Ωk ×Qk, (3.1c)
and optimal feedback criterion
D ς∗S
∂V k
∂S
−Lς¯ (ρ)(t) S ∂V
k
∂W
+ ς∗+(t; s¯)
∂V k
∂s+
+ ς∗−(t; s¯)
∂V k
∂s−
= max
ς±(t;s¯)∈ [ϵk,γ ]

D ςS
∂V k
∂S
−Lς¯ (ρ)(t) S ∂V
k
∂W
+ ς+(t; s¯) ∂V
k
∂s+
+ ς−(t; s¯) ∂V
k
∂s−

, (3.2)
where ϵk = 1/k. We note that as a consequence of the approximation to a domain of finite extent, it has become necessary
to impose additional ‘‘terminal’’ conditions relative to s± = Υk in (3.1b) as well as an artificial boundary condition in (3.1c).
The function V k approximates V in the sense that
Γ
∥V − V k∥L∞(G) → 0 as k →∞, (3.3)
where Γ is any sufficiently regular curve contained inQ and G is any fixed compact set inΩ (cf. [15]).
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3.2. Semi-discretization in space
The semi-discrete analogue of (3.1)–(3.2) will be based on the variational formulation for the initial value problem. To
this end, let τ = T − t, ζ+ = Υk − s+, ζ− = Υk − s−, ζ¯ = (ζ+, ζ−), and τ¯ = (τ , ζ+, ζ−), and consider the perturbation
from the optimization criteriaV k(x¯, t¯) = V k(x¯, τ¯ )− (W − ψ(S)).
Formally, the variational form is obtained bymultiplying (3.1a) through by a test function v ∈ H10 (Ωk)∩H2(Ωk), integrating
over the domain Ωk, and applying the Green’s formula. In particular, for p ≥ 2, we seek a strong variational solutionV k ∈ W2,1,p,0(Ωk ×Qk) satisfying
−

∂
∂τ
+H ς¯∗k (τ¯ )
 V k, v
k
+ ak(V k, v) = 0 a.e. inQk, (3.4a)
for all v ∈ H10 (Ωk) ∩ H2(Ωk), subject to the initial conditionsV k|{τ=0} = V k|{ζ+=0} = V k|{ζ−=0} = 0 inΩk × ∂Qk (3.4b)
and optimal feedback criterion, (τT : ζ¯Υk) = (T − τ ;Υk − ζ+,Υk − ζ−),
D ς∗(τT : ζ¯Υk)S
∂V k
∂S
−Lς¯∗(ρ)(τT ) S ∂
V k
∂W
− ς∗+(τT : ζ¯Υk)
∂V k
∂ζ+
− ς∗−(τT : ζ¯Υk)
∂V k
∂ζ−
= max
ς±(τT :ζ¯Υk )∈ [ϵk,γ ]

D ς(τT : ζ¯Υk)S
∂V k
∂S
−Lς¯ (ρ)(τT ) S ∂
V k
∂W
− ς+(τT : ζ¯Υk)
∂V k
∂ζ+
− ς−(τT : ζ¯Υk)
∂V k
∂ζ−

(3.5)
where
H
ς¯
k (τ¯ ) u = max
ς¯ (τT :ζ¯Υk )∈ [ϵk,γ ]2

ς+(τT : ζ¯Υk)
∂u
∂ζ+
+ ς−(τT : ζ¯Υk)
∂u
∂ζ−
− λ ρ ∂u
∂ρ
− (α +Dς) S

∂u
∂S
− dψ
d S

− [rW + (α − r)(ζ+ − ζ−)−Lς¯ (τT )S]

∂u
∂W
+ 1

ak(u, v) = 12

Ωk

(σ 21 + σ 22 )ρ2
∂u
∂ρ
∂v
∂ρ
+ σ 22 ρS
∂u
∂S
∂v
∂ρ
+ sσ 22 ρS
∂u
∂W
∂v
∂ρ
+ σ 22 ρS
∂u
∂ρ
∂v
∂S
+ (σ 22 + σ 23 )S2
∂u
∂S
∂v
∂S
+ s(σ 22 + σ 23 )
∂u
∂W
∂v
∂S
+ sσ 22 ρS
∂u
∂ρ
∂v
∂W
+ s(σ 22 + σ 23 )
∂u
∂S
∂v
∂W
+ s2(σ 22 + σ 23 )S2
∂u
∂W
∂v
∂W

dx¯,
such that (·, ·)k denotes the L2 inner product overΩk. The variational formulation (3.4)–(3.5) and (3.1)–(3.2) are equivalent
in the sense of distributions.
Let {Sh} denote a family of finite-dimensional subspaces for which ∪h Sh = H10 (Ωk). In particular, we suppose thatΩk is
rectangular and that Sh consists of continuous, piecewise linear (componentwise) functions on a uniform triangulation of
Ωk with mesh size h, which vanish on ∂Ωk (that is, linear finite elements [16,17]). Replacing H10 (Ωk) ∩ H2(Ωk)with Sh, we
obtain the following semi-discrete analogue of (3.3)–(3.4): determineV kh ∈ L2(Q k; Sh) such that
−

∂
∂τ
+H ς¯∗k (τ¯ )
 V kh , vh
k
+ ak(V kh , vh) = 0 a.e. inQk, (3.6a)
for all vh ∈ Sh, subject to the initial conditionsV kh |{τ=0} = V kh |{ζ+=0} = V kh |{ζ−=0} = 0 inΩk × ∂Qk (3.6b)
and optimal feedback criterion
D ς∗(τT : ζ¯Υk)S
∂V kh
∂S
−Lς¯∗(τT ) S ∂
V kh
∂W
− ς∗+(τT : ζ¯Υk)
∂V kh
∂ζ+
− ς∗−(τT : ζ¯Υk)
∂V kh
∂ζ−
= max
ς±(τT :ζ¯Υk )∈ [ϵk,γ ]

D ς(τT : ζ¯Υk)S
∂V kh
∂S
−Lς¯ (τT ) S ∂
V kh
∂W
− ς+(τT : ζ¯Υk)
∂V kh
∂ζ+
− ς−(τT : ζ¯Υk)
∂V kh
∂ζ−

(3.7)
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whereV kh is the semi-discrete finite element approximation ofV k. The quality of the approximation (3.6)–(3.7) to (3.4)–(3.5),
for fixed k, satisfies the estimate
Q k
∥V k −V kh∥L2(Ωk) ≤ Ck h2,
where Ck = Ck(V k) > 0, as h → 0 (cf. [18]).
3.3. The fully discrete scheme
We consider now the approximation of V kh by (implicit) semi-discretization of (3.6)–(3.7). In particular, we introduce
δ := T/N > 0 such that Υk = δ ·Mk, for someMk,N ∈ N, and define Qk = {1, . . . ,N} × {1, . . . ,Mk} × {1, . . . ,Mk},Q k =
{0, . . . ,N} × {0, . . . ,Mk} × {0, . . . ,Mk}, τl = l δ, ζ+,m = m δ, and ζ−,n = n δ, for (l,m, n) ∈ Q k. We shall denote
the piecewise constant approximation on the grid by V k,h(l,m,n)(x¯) = V kh (x¯, τl, ζ+,m, ζ−,n) and the corresponding backward
difference quotients by
∂τV k,h(l,m,n) = 1δ V k,h(l,m,n) −V k,h(l−1,m,n) ,∂ζ+V k,h(l,m,n) = 1δ V k,h(l,m,n) −V k,h(l,m−1,n) ,∂ζ−V k,h(l,m,n) = 1δ V k,h(l,m,n) −V k,h(l,m,n−1) .
The fully discrete approximation of (3.6)–(3.7) is defined as follows. We seekV k,h(l,m,n) ∈ Sh satisfying
−
∂τ + H ς¯∗k (l,m, n) V k,h(l,m,n), vhk + ak(τl, ζ+,m, ζ−,n;V k,h(l,m,n), vh) = 0 a.e. inQk, (3.8a)
for all vh ∈ Sh and (l,m, n) ∈ Qk, such thatV k,h(0,m,n) = V k,h(l,0,n) = V k,h(l,m,0) = 0, (3.8b)
for (l,m, n) ∈ Q k, such that ς¯ = ς¯∗ satisfies the optimal feedback criterion, τ¯(T ,l;m,n) = (τ(T ,l) : ζ(+,k,m), ζ(−,k,n)) =
(T − τl;Υk − ζ+,m,Υk − ζ−,n), and
D ς∗(τ¯(T ,l;m,n))S
∂V kh
∂S
−Lς¯∗(τ(T ,l)) S ∂
V kh
∂W
− ς∗+(τ¯(T ,l;m,n))
∂V kh
∂ζ+
− ς∗−(τ¯(T ,l;m,n))
∂V kh
∂ζ−
= max
ς±(τT :ζ¯Υk )∈ [ϵk,γ ]

D ς(τ¯(T ,l;m,n))S
∂V kh
∂S
−Lς¯ (τ(T ,l)) S ∂
V kh
∂W
− ς+(τ¯(T ,l;m,n)) ∂
V kh
∂ζ+
− ς−(τ¯(T ,l;m,n)) ∂
V kh
∂ζ−

(3.9)
where
H ς¯k (l,m, n) u = max
ς¯ (τ¯(T ,l;m,n))∈ [ϵk,γ ]2

ς+τ¯(T ,l;m,n)∂ζ+,mu+ ς−τ¯(T ,l;m,n)∂ζ−,nu
− λ ρ ∂u
∂ρ
− (α +Dςτ¯(T ,l;m,n)) S

∂u
∂S
− dψ
d S

− [rW + (α − r)(ζ+τ¯(T ,l;m,n) − ζ−τ¯(T ,l;m,n))−Lς¯ (τ(T ,l))S]

∂u
∂W
+ 1

.
The quality of the approximation is provided by the estimate
|||V k −V k,h(l,m,n)|||k ≤ Ck (δ + h2) (3.10)
as δ, h → 0, with Ck = Ck(V k) > 0, where
|||v|||k =

δ

∥v(·, ρl, ςm, τn)∥2L2(Ωk)
1/2
,
such that the summation is taken over all mesh points (ρl, ςm, τn) ∈ Γ (cf. [18,15]).
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Fig. 1. D = 0.001 and γ = 0.5.
3.4. Approximation solvability
The approximation to the solution V of (2.10)–(2.12) is then defined as follows. For k > 1, let Ωk ⊂ Ωk+1,Qk ⊂
Qk+1, hk > hk+1, δk > δk+1, and define
V k,hk(lk,mk,nk)(x¯) = V k,hk(Nk−lk,Mk−mk,Mk−nk)(x¯)+ (W − ψ(S));
from the completeness of W2,1,p,µ, for p ≥ 2, µ ≥ 0 sufficiently large, we obtain that there exists a unique V satisfying
(2.11)–(2.12). Given the estimates (3.3) and (3.10), we have the result
|||V −V k,hk(lk,mk,nk)|||(G,Γ ) = O(δk + h2k)+ o(π−1k +Π−1k ) as k →∞, (3.11)
where
|||v|||(G,Γ ) =
δk 
(ρlk ,ςmk ,τnk )∈Γ
∥v(·, τl, ζ+,m, ζ−,n)∥2L2(G)
1/2 ,
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Fig. 2. D = 0.001 and γ = 0.005.
such thatG ⊂ Ω is compact,Γ is any piecewise smooth curve contained inQ,Πk = diam{Ωk}, andπk =diam{Qk}.Wenote
that in (3.11) the first term in the estimate bounds the temporal discretization error, the second the spatial discretization
error, the third the error due to the truncation of the temporal domain, and the fourth the error due to the truncation of
the spatial domain. Specifically, asymptotic performance may only be realized on the approximating region (G,Γ ) and is
suboptimal when a mesh is refined relative to a fixed computational domainΩk ×Qk (cf. [15]).
Remark. Progress in deterministic methods for high-dimensional temporal and state variables has been made recently.
Temporally adaptive methods for the stochastic control of ultradiffusion processes have been developed in [19]. Method-
of-lines finite element schemes for up to six state variables have been presented in [20]. A stochastic control of a (3, 3)-
temporal/state variable problem has been investigated in [15].
4. Numerical experiments
In this section, we present the results for a few prototypical liquidity events. For computational expediency, we consider
immediacy and depth effects only; that is, we suppose that λ = σ1 = σ2 = 0. Moreover, we set α = 0.10 per year,
σ 23 = (0.3)2 per year and r = 0.05 per year, an option life of T = 1 × 10−4 years, and an exercise price for the European
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Fig. 3. D = 0.05 and γ = 0.5.
call option of E = 1. The mesh utilized has h = 1S = 1W = 5× 10−4,1τ = 1× 10−6, and1ρ = 1ς = 1× 10−2. The
computational domain was [0.99, 1.01]2×[0.0, 0.4]2×[0, 10−4]. For each (l,m, n) ∈ Qk, the nonlinear criterion (3.5) was
solved by successive under-relaxation (parameter ω = 0.045) coupled to a preconditioned biconjugate gradient algorithm.
The results are organized as follows. In Fig. 1, we consider the case of a liquid market featuring relative depth and little
immediacy friction (D = 0.001 and γ = 0.5). In Fig. 2, we maintain a relatively deep market while limiting the transaction
rate through the immediacy (D = 0.001 and γ = 0.005). By contrast, the depth of the market is limited, while the
transaction rate provides little friction, in Fig. 3 (D = 0.05 and γ = 0.5). In Fig. 4, the market is relatively frozen, such
that there is little depth as well as excessive transaction friction (D = 0.05 and γ = 0.005). In each of the figures, (a)
depicts the option value U as a function of the stock price at various times from expiry τ = T − t , indicating the usual
progression from the terminal valuation, while (b) presents the percentage of the portfolio held in stock. We note that we
required payoff in stock as one of the defining constraints of the contract (cf. Section 2.3). Hence, for in-the-money valuations,
we see a progressive uniform shift away from the all stock payoff towards holdings in both stocks and bonds. Conversely,
for out-of-the-money valuations, in moving from expiry, terminal holdings of purely bonds progressively shift to include
more shares of stock. In (c) and (d), respectively, the buying and selling activities of the portfolio are featured, relative to
stock price and time from expiry. In particular, we see buying activity in stock for out-of-the-money valuations, and selling
activity for in-the-money valuations, consistent with the ongoing dynamics of the portfolio consistent with (b). In summary,
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Fig. 4. D = 0.05 and γ = 0.005.
we observe that any constraint on asset liquidity both decreases the selling price of the European call option and requires
a greater portion of the portfolio to be invested in bonds, while simultaneously requiring an increasingly more aggressive
hedging strategy from the trader.
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